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TAZEH: I'" TENIKOY AYKEIOY
KATEYOYNXH: OETIKH & TEXNOAOI'IKH
MAGOGHMA: MAGHMATIKA EYOYNXHX
Hpepopnvia: M. Tpitny 30 A 13
Alapkera, E&é‘rw

OEMA A <>

Al.  Xyohxko Pipiio, Ekdoon 20

A2, a. Zyolwo Pifrio, £kd0

A =

1

zz+2z=-2z-3&
2z+2z42243=05
zE+2(z+E)+3:O<:>
x*+y?+2.2x+3=0<
X’ +)'+4x+3=0&
X’ +4x+4+y’=4-3&
(x+2)*+y* =1.
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B2.

Apa 0 YEOUETPIKOG TOTOG TMV €KOVOV TOL z Egivol 0 KUKAOG HE KEVTIPO
K(-2,0) xon axtivae p = 1.

AgVtepog TpomOG:

INa mv eiowon x*+)y>+4x+3=0

onhadn eiva KOKAOG pe KEVTPo K

A@oU 01 E1KOVEC TMV Z,Z<§>1
YEMUETPIKOG TOTOG TOV z €]
TOV X X. ZUVETMG Eivot 0 10t
dEova X 'X.

KE100TOV VL KUKAOL, TOTE M
(x TOV EKOVOV TOVG,
jueior evIOIETPIKAL. ZOVETMOG M

EY10TN TN TOVL ‘z—z , €XouV

X, 0po¥ givar cvluyeic (dnradn pe
) Kot TauTOHYPOVAL OVTIOIUETPIKA
LUETPIKA KOl ®G TPOG 10 keEvipo K,

x=-2
=
y=x=lI

Apa ot aplBuoi z,z 7OV EMTLYYAVOLV TN HEYIGTN TIUN TOL ‘z—z‘ glvar o1

-2+i, —2—i M avtiotpoa pe e1kdveg ta onpeio A(-2,1) kou B(-2-1).
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B Tpoémog:
Eivou |z —z| =|2yi| =2[y| = 2§

Tote (x+2)°+)° =1

avTicTPOPa.
B3. Aoov ‘Z - Z‘ =
TOL ‘Z—Z‘ KO

Kol z =-2~I

=|wHd+i|=2|z+2| < |w-(-4-i)|=21=2

dNAadn ot eIKOVEC TV W avi|KOLV 6€ KUKAO pe kévtpo A(-4,-1) kon axtiva p;=2.

s , . . w+i
B Tpémoc: Apov w=2z—-iow+i=2z<z=

=l

1©w:1©|w—(—4—i)|:2

Apa |z+2|:1<:>‘WT+i+2

‘w+i+4

ONA. o1 EIKOVEC TV W VKOV G€ KOKAO pe kKEVTPO A(-4,-1) Ko aktiva p;=2.
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Exoope w=2z-icow-z=z-i=w-z|=|z—i], dhad) n omndéotoon TV

EIKOVOV TOV Z Ko W givor 161 PE TNV 0mOGTOGT) TG €IKOVOS TOV Z 00 TNV
€1KOVO. TOV 1, TOL givon To onueio A(0,1).

OEMAT
I't. Ag@ovn f eivan mopaywyicun Oa eivon

0

Lo ox 0
Eivon LIE(} f(x)= lxlir(} pr _LIE(}
[Ipéner f(0)= lirr(} f(x)e

['a mv mapaywyo oto 0 €

X /oo 0 +00
g'(x) + 0 -
0
g - \
/') - -
/) T

AoV 1 g(x) mapovcialel péyioto oto x,=0, to g(0)=0, Ba eivon apvnTikn
v x #0.

TA OEMATA ITPOOPIZONTAI I'TA AIIOKAEIXTIKH XPHYH THE PPONTIETHPIAKHY MONAAAY | YEAIAA: 4 ATIO 9




w
o
<
<
<
<
w

OMOZINONAIA

S [e]

NOMILAIVIVUXI

NOLZI1LNOGGdGO®

E

OMOZXITIONAIA EKITAIAEY TIKQN ®PONTIZTQN EAAAAOX (O.E.®.E.) — EITANAAHIITIKA OEMATA

EMMANAAHITIKA OEMATA 2013 E_3.M)30T(q)

I'3.

Apan f'(x) eivar apvnTiki ylo ke xe R k. f | R.

+00

, : : o x) 1 o
B. Eivon lim f(x)= lim = lim L = il —=0, agoy lim e* =+
x>+ x40 @¥ ] xo+o (ex — ])' o e* x—>+o0
Apan C; €xet optlloévTio aGHUTTMOT GTO +6 Jeia)y=0 (dEovag x'x ).

X

Axopn lim f(x)= lim

x> et —1]

Apa 10 6VVOLO TIH®V TN A

Eivar lim J(x) =i

x> X

ocuveyn oto [0, 1] cav

1 1

Apa g(1)>0 omodte amo o 0. Bolzano vrdpyet tovidyiotov pia pila g g(x)=0
oto (0,1).
H piCa eivon povaduen yarin g(x) T [0,1] apov:

g'(x)=2- 0 agol 0< <1.

1 1
o+l F()+1
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OEMA A
Al. Emedn yw v mopayoyicyun f(x) oto [0,+ o) 1oxver f'(x)>0 Oa eivon flx)

A2.

yvnoimg avéovcsa 610 [0,+©), omdte Yo kGO gyoovpe f(x)> f(0)=1>0.

o x=0 Oua eivar

Apa vy x>0 0o eivon J'Ox f(dt >0

FO)= [ f(t)di =0, Snhadiy F(x)>0 na

Eivon K(0)=G(0)-0=0.
Apa v kéBe x €[0,+0 bEl K(x)> 0= G(x)—x >

Av x>0, tote opti
GLVEYNG G TOPOy i

VRAPYEL  EVOL T

_ K(xz \
x
K

K(x¥)>0=2G(x)-x>0=G(x)>x.

G(x)-x>20G(x)>x.

Apa yio x>0 Ba givon IOX(G’(t 1)dt >0 < [G(1) —t]: >0

& (G(x)-x)—-(G(0)-0)> 0 <= G(x) > x.
['a x=0 woyver Tpopavag cav 16otnta. Apa G(x)=>x yia kKabe x >0.

I'vopiovpe 611N f(x) eivon Tapayoyicun dpa kow cvvexng oto [0, +c] omdte n
ocovaptnon F(x)= J'Ox f(Hde Ba elvon Topaywyiocyun apa Ko coveyns. Anioon
lim F(x) = F(0) = 0.
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b
1(x)

im0 hm(m.
x—0 x.f(x) x—0

lim 2F (x)-F'(x) '

x—0 1

Hogton f () Iné+ %(‘f >

£ (x) Inx+ 0& (F(x)-Inx) =0.

(x)Inx, 0<x

slvol GLVEYNC OTO
0. - xme

Oempovpe ™ GLVAPT

[0,1] apov eive 0=H(0). Axoun

o x=0 &yovpe:
£(0)- F(0) = (G(0) = 0)-(G'(0) =)+ ¢ <> 1-0=0+c <> ¢ = 0.

Anrodn:

S (X)) F(x)=(G(x)-x)-(G'(x)-1) = 2f(x)- F(x) =2(G(x) - x) - (G'(x) - 1) &

©2F'(x)- F(x) = 2G(x) - x)-(G(x) -x) & (F*(®)) =(Gx)-x?) &
& F(x)=(G(x)-x)’ +c.
INa x=0 &yovpe:
F?(0)=(G(0)~0))’ +c < 0=0+c<c=0

Anhadn  F?(x)=(G(x)-x)’ © F(x)=G(x)—x, oo gival cuveyeic Ko
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. H egontopévn mg Gr oto (x,, F(x,)) €yt

F(x)=0 xa1 G(x)=x vy kdbe x>0 ond to epdtnUa Al.

Y=E () =Fx)x-x) & py=fx)x

H epantopévn g Cg oto (Xo, G(X) €xet €€

ONAadn o1 EQATTOUEVEC
Emeion yuo x=0 €&yoovp
yopiov ov opileta

E:jx"
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Yroioyilovpe 10 epfadov tov tprydvov ABI, ypnoipomoiwvrag tov tHm0

1
E=—-p-v.
57

To vyog eivan  amdoTOGN TNG KOPLPNG [0V €IVOL TO GNUELD TOUNG TOV

o x=xo. AQov eivan

Yav Baon Bewpovue v migvpa B
F(xo) xou I'(xo, G(xo), onote (BI')
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